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Summary: This module introduces the Capital Asset Pricing Model (CAPM) as a foundational tool
for measuring systematic risk and estimating expected returns in portfolio management. Beginning with
the theoretical underpinnings of CAPM and its optimization problem—rooted in Markowitz’s mean-variance
framework—it derives the model’s core equation using matrix algebra and Lagrange multipliers. The module
explores the interpretation and estimation of beta coefficients, the Security Market Line (SML), and Jensen’s
Alpha as measures of mispricing and performance. It also derives the portfolio beta both algebraically and
through covariance properties, showing its equivalence with regression-based approaches. Then, it compares
the Sharpe and Treynor Ratios, highlighting their respective roles in evaluating performance based on total
and systematic risk. This module provides both a mathematical and economic perspective, making it suitable
for students and professionals seeking a rigorous understanding of CAPM in applied finance. Finally, we
revise a popular portfolio strategy that exploits some empirical findings related to the CAPM Model; the
Betting Agains Beta Strategy.
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1 Capital Asset Pricing Model

In the discipline of portfolio management, the measurement of risk is fundamental. As we discussed in
the previous chapter, diversifying by including negatively correlated assets can help mitigate market risk.
However, it is also crucial to understand how sensitive the assets in our portfolio, or the portfolio as a whole,
are to fluctuations in the capital markets. To analyze this sensitivity, we use the approach of the Capital
Asset Pricing Model (CAPM), which introduces the concept of the beta coefficient. This coefficient
measures the sensitivity of an asset or portfolio’s return relative to movements in the overall market.

1.1 Fundamentals of the CAPM

The CAPM model, developed by William Sharpe, 1964, John Lintner, 1965, and Jan Mossin, 1966, is
indeed rooted in an optimization problem, similar to that of Markowitz’s Theory. This model introduces
several assumptions about markets and the behavior of investors participating in them. The most critical
assumptions are quite similar to those in Markowitz’s framework: investors are rational, risk-averse, and
seek to maximize their utility by selecting optimal portfolios along the Capital Market Line (CML).

This implies that investors will make decisions based on their risk preferences. Some will select the
tangency portfolio (the point of tangency between the efficient frontier and the CML) to achieve the highest
possible return for a given level of risk. Others may choose to lend money, taking on less risk and earning the
risk-free rate. Conversely, more risk-tolerant investors might opt for leverage, borrowing funds to increase
their exposure to the market, thereby potentially achieving higher returns. The resulting returns for these
investors can be expressed as:

µP =

n∑
i=1

ωiµi +

(
1−

n∑
i=1

ωi

)
rf (1)

This equation shows that some investors prefer to allocate a portion of their wealth to risk-free assets,
such as treasury bonds, to reduce the risk in their portfolios. On the other hand, some may choose a
‘negative’ fraction in risk-free assets (i.e., by taking on debt) to invest a larger portion of their wealth in
risky assets. We also assume that investors are always seeking to minimize risk and maximize their utility,
consistent with the principles outlined in Markowitz’s Theory.

The market equilibrium is achieved when all investors select a portfolio along the Capital Allocation Line,
which then transforms into the Capital Market Line (CML). At this point, the new optimization problem
becomes minimizing the volatility of a portfolio, subject to the revised form of the portfolio’s returns, which
now includes the risk-free asset. The key question is: how can we further reduce risk, given that we now
have access to securities with zero risk? Then we can propose a Lagrange Equation in the matrix form:

L(ω, λ1) =
√
ω⊤Σω − λ1

(
ω⊤µ+

[
1− ω⊤ι

]
rf − µP

)
(2)

Note that, term ω⊤Σω represents the variance of the portfolio, while ω⊤µ denotes the portfolio returns
generated by the risky assets. Consequently,

[
1− ω⊤ι

]
rf is to the portion of returns explained by the risk-

free asset. To derive the First Order Conditions, we differentiate the objective function with respect to the
portfolio weights ω and the Lagrange Multiplier λ1:

∂L(ω, λ1)

∂ω
=

Σω

σP
− λ1 (µ− rf ι) = 0 (3)

∂L(ω, λ1)

∂λ1
= ω⊤µ+

[
1− ω⊤ι

]
rf − µP = 0 (4)

Now, we can take Equation 3 and multiply all the equation by ω⊤. This will help us to transform some
of the terms into others that will be easier to handle in this context.
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ω⊤Σω

σP
= λ1

(
ω⊤µ− rfω

⊤ι
)

(5)

Since ω⊤Σω = σ2
P , we can simplify the expression on the left side of the equation. We can also recall

two key conditions from the Markowitz Theory that apply in this context. First, when the chosen portfolio
is the Market Portfolio, the portfolio returns can be written as µP = µM = ω⊤µ represents the expected
returns of the risky assets. Second, if the market portfolio does not include a risky asset (i.e., it is purely
risk-free), then ω⊤ι = 1. Therefore, we arrive at the following expression:

λ1 =
σM

µM − rf
(6)

Then, by recalling again Equation 3 and rearranging it, we will obtain the next expression. We can
transform it by replacing the form of λ1:

µ = rf ι+
1

λ1
· Σω
σM

(7)

µ = rf ι+
µM − rf

σM
· Σω
σM

(8)

Let us review the properties of the term Σω. The matrix Σ represents the covariance matrix of all the
assets in the portfolio, which, in this case, refers to the market portfolio. The vector ω contains the weights
of those assets within the portfolio. Therefore, the term Σω can be interpreted as the vector of covariances
of the portfolio with the individual assets in the market, weighted by the portfolio weights.

Σω =


σ2
1 γ2,1 · · · γn,1

γ1,2 σ2
2 · · · γn,2

...
...

. . .
...

γ1,n γ2,n · · · σ2
n



ω1

ω2

...
ωn

 =


ω1σ

2
1 + ω2γ2,1 + · · ·+ ωnγn,1

ω1γ1,2 + ω2σ
2
2 + · · ·+ ωnγn,2
...

ω1γ1,n + ω2γ2,n + · · ·+ ωnσ
2
n



Note that the first element of the vector Σω represents the weighted average of the covariances between
asset 1 and all the assets in the Market Portfolio (i.e., the entire market). The second element represents the
same, but for asset 2, and so on for all the assets in the portfolio. Therefore, we can conclude that the vector
Σω represents the covariances of each asset with the market portfolio. Specifically, this can be expressed as
Cov(µ, µM ), that we can substitute in the previous equation:

µ = rf ι+ (µM − rf )
Cov(µ, µM )

σ2
P

(9)

If you remember what we reviewed in the Module 3, the form of a β coefficient is exactly the covariance
between the dependent variable and the independent variable, adjusted by the variance of the latter. Then,
we can interpret the fraction in Equation 9 as a vector of β coefficients that relate each asset in the market
to the market itself. Finally, we can arrive at the next expression, which is the matrix form of the CAPM:


µ1

µ2

...
µn

 =


rf
rf
...
rf

+ (µM − rf )


β1

β2

...
βn



3



Then, for each asset in the market, we can obtain a linear equation that relates their returns to the
risk-free rate and the market’s risk premium (µM − rf ) This is the general form of the Capital Asset Pricing
Model, proposed by Sharpe, 1964, Lintner, 1965, and Mossin, 1966. Next, we would like to know the form of
the β coefficients, which are estimated through the OLS algorithm, as we reviewed in the previous chapter.

µi = rf + βi(µM − rf ) (10)

Another way to understand the Capital Asset Pricing Model is by expressing β in its correlation form.
In this representation, beta is the product of the Pearson correlation coefficient between the market and
an individual asset, and the ratio of their variances. This form is also a widely used representation of the
CAPM model, and is mathematically expressed by the following formula:

µi = rf + ρi,M
σi

σM
(µM − rf ) + αi (11)

Evidently, if the asset is uncorrelated with the market (ρi,M = 0), the beta will be zero, indicating
that the returns of the asset in question are not explained by market movements, and therefore, it has no
systematic risk (captured by the αi). The ratio σi/σM can help us understand how volatile an asset is
compared to the whole market. Highly volatile assets will be more sensitive to the market, even if they are
not strongly correlated with it. This form is very useful for understanding how systematic risk affects risky
assets. A similar mathematical derivation can be seen in Francis and Kim, 2013, which is based on the work
of Lintner, 1965.

1.2 Security Market Line and the Jensen’s Alpha

The graphical representation of the Capital Asset Pricing Model (CAPM) is the Security Market Line (SML),
which illustrates the relationship between an asset’s expected return and its systematic risk. As shown in
Figure 1, the SML is a straight line with a slope equal to the Market Risk Premium and an intercept at the
risk-free rate. This establishes a direct relationship between a stock’s return and its exposure to market risk.

Figure 1: Security Market Line
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Recalling the concepts fromMarkowitz, 1952, and the construction of portfolios along the efficient frontier,
we know that all optimal portfolios will have no diversificable risk. This is because diversificable risk
is eliminated by selecting the appropriate asset weights to minimize total risk. Consequently, for these
portfolios, all remaining risk is market or systematic risk (captured by the beta). Evidently, for the market
portfolio, the beta will be exactly one, and that portfolio will be over the SML.

But what does it mean when an asset lies above or below the Security Market Line (SML)? Portfolio
managers often use the SML to evaluate assets and stocks. For example, if a particular security is located
above the SML, we can conclude that its returns are higher than what the market portfolios offer, after
adjusting for risk. In this case, the asset is providing superior returns relative to its risk. Conversely, if an
asset lies below the SML, it is considered overvalued, as it offers lower returns than the market portfolios,
after adjusting for risk.

What happens with these arbitrage opportunities? For undervalued assets, investors identify investment
opportunities that offer better returns than what is predicted by the SML, after adjusting for risk. As a
result, many investors are willing to buy the undervalued asset, leading to an excess demand for that specific
stock. This increased demand pushes the price of the assets up. Since there is an inverse relationship between
price and returns (theoretically speaking), the asset’s return decreases as its price increases. Eventually, the
asset’s expected return will align with the SML, moving it to the appropriate position relative to its risk.

The same dynamic occurs for overvalued assets, but in reverse. Investors recognize that the asset’s return
is lower than what would be expected given its level of risk, so they sell the overvalued asset. The resulting
excess supply drives down the asset’s price, which in turn increases its expected return. Over time, this
adjustment brings the asset’s return back in line with the Security Market Line (SML), thereby correcting
the mispricing. Hence, the equation for these abnormal returns is given by:

αi = (µi − rf )− βi(µM − rf ) (12)

This measure is commonly known as Jensen’s Alpha (αi) or Jensen’s Measure (see Jensen, 1968). It
is often used to capture how much an asset outperforms a market portfolio or the market’s benchmark.
If Jensen’s Alpha is zero (αi = 0), we conclude that the stock under study lies exactly on the Security
Market Line (SML), and there is no arbitrage opportunities associated with it. Econometrically speaking,
this measure might help us understand that other factors could explain the returns of an asset, rather than
just market performance.

1.3 The Portfolio’s Beta and the Treynor Ratio

We conclude that knowing the beta coefficient for each asset is crucial for understanding the valuation of
those stocks. Nevertheless, what about a portfolio? How can we measure the systematic risk of a portfolio
composed of risky assets? Mathematically, some propose to measure the portfolio’s beta as a weighted
average of the betas of all the stocks that compose it, but is this true? Imagine a portfolio of n assets all
over the Security Market Line, whose returns will be:

µ1 = rf + β1(µM − rf )

µ2 = rf + β2(µM − rf )

...

µn = rf + βn(µM − rf )

Then, recalling the form of the portfolio’s return, which is also a weighted average:

µP = ω1µ1 + ω2µ2 + · · ·+ ωnµn (13)

Replacing the forms of the assets’ returns:
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µP = ω1 [rf + β1(µM − rf )] + ω2 [rf + β2(µM − rf )] + · · ·+ ωn [rf + βn(µM − rf )] (14)

By rearranging some terms, we will obtain:

µP = ω1rf + ω2rf + · · ·+ ωnrf + ω1β1(µM − rf ) + ω2β2(µM − rf ) + · · ·+ ωnβn(µM − rf ) (15)

Obtaining common factors:

µP = [ω1 + ω2 + · · ·+ ωn] rf + [ω1β1 + ω2β2 + · · ·+ ωnβn] (µM − rf ) (16)

And remembering that the sum of weights is one:

µP = rf +

n∑
i=1

ωiβi(µM − rf ) (17)

Then we can propose the definition of the portfolio beta:

βP =

n∑
i=1

ωiβi (18)

Calculating the beta of a portfolio is as straightforward as computing the weighted average of the indi-
vidual betas. For an equally weighted portfolio, the beta would simply be the arithmetic mean. But why
do we use this formula instead of performing a linear regression using ordinary least squares (OLS) on the
portfolio returns, as we do with any individual stock? Let’s prove mathematically that both methods are
theoretically equivalent. Then, the beta would be:

βP =
Cov(µP , µM )

σ2
M

=
Cov(ω1µ1 + ω2µ2 + · · ·+ ωnµn, µM )

σ2
M

(19)

One of the covariances properties establishes that the covariance of a random variable with the linear
combination of other random variables is Cov(X, aY + bZ) = aCov(X,Y ) + bCov(X,Z). Then the previous
equation can be written as:

βP =
1

σ2
M

[ω1Cov(µ1, µM ) + ω2Cov(µ2, µM ) + · · ·+ ωnCov(µn, µM )] (20)

By distributing the market’s variance (σ2
M ) and recalling the formula for the individual beta of each

asset, we obtain the same form as before as Equation 18:

βP =

n∑
i=1

ωiβi

Nevertheless, in practice, the two methods might not yield the same results. This discrepancy can be
explained by the quality of the data used to build the regression model. In the analysis of the time series
econometrics, we will see that failing to properly handle the data can introduce biases in the estimation of
the beta coefficients, leading to inconsistencies in the calculations.

Estimating the beta coefficients for an individual stock or an entire portfolio is valuable for various
practical applications. For instance, some investors use a portfolio’s beta to forecast expected returns over a
specific time horizon. Others may use beta to hedge against market risk, especially when speculating about
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an upcoming crisis. Additionally, some investors might use beta to measure the efficiency of a stock by
adjusting the risk premium based on the beta coefficient.

Ti =
µi − rF

βi
(21)

This measure of efficiency is known as the Treynor Ratio (proposed by Treynor, 1965), an extension of the
Sharpe Ratio, which adjusts an asset’s performance by total risk. Unlike the Sharpe Ratio, the Treynor Ratio
focuses solely on systematic or market risk, as measured by the beta coefficient. Since the beta coefficient
can be negative, it is important to compare Treynor Ratios using their absolute values. A higher Treynor
Ratio indicates better performance.

What is the relationship between the Sharpe Ratio and the Treynor Ratio? Since beta only captures
systematic risk, which is a component of total risk, it might seem that the Treynor Ratio should always be
larger than the Sharpe Ratio. But how accurate is this assertion? To answer this, let’s analyze the variance
of an asset’s returns:

Var(µi) = Var(rf + βi(µM − rf ) + εi) (22)

The term εi represents the residuals of the regression model, which account for all factors, aside from the
market risk premium, that explain an asset’s returns. Thus, using the properties of variance, we can obtain:

σ2
i = β2

i σ
2
M + σ2

ε (23)

The term σ2
ε represents the non-systematic, or diversifiable, risk. Recall that one of the assumptions of

the Capital Asset Pricing Model (CAPM) states that, by applying Markowitz optimization to construct a
portfolio, this risk is either entirely eliminated or minimized as much as possible. Therefore:

σ2
i > β2

i σ
2
M (24)

Rearranging and taking square root:

σi

σM
> βi (25)

Recalling the alternative form of the beta in Equation 11:

1 ≥ |ρi,M | (26)

One of the most interesting conclusions of this inequality is to observe that, unless the assets are perfectly
correlated with the market, the non-systematic risk cannot be totally eliminated, then the systematic risk
will always be smaller than the total risk. Recalling Equation 24, and inverting it:

1

σi
≤ 1

βiσM
(27)

Then, if and only if σM ≥ 1 (which is commonly the case), we can conclude:

1

σi
≤ 1

βi
(28)

So we can conclude given the definitions of the Sharpe Ratio and the Treynors Ratio:
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S =
µi − rf

σi
≤ µi − rf

βi
= T (29)

Naturally, there can be anomalies in the relationship between the two ratios. In some cases, the Sharpe
Ratio may be higher for assets with low correlation to the market during periods of extreme market volatility.
However, such cases are rare exceptions that are rarely observed in practice. The Treynors Ratio, on the
other hand, is particularly useful for evaluating the efficiency of optimal portfolios, as non-systematic risk is
generally minimized (Francis and Kim, 2013).

1.4 Variance Decomposition

We can decompose the variance of the stock to identify the risk contributions from the market (endogenous
factor) and the idiosyncratic error (exogenous factors). By invoking Equation 23 and substituting the
coefficient β with its alternative form from Equation 11, we arrive at:

σ2
i =

(
ρi,M

σi

σM

)2

σ2
M + σ2

ε (30)

Solving the parentheses and canceling terms, we find an interesting relationship between the variance of
the stock’s returns and the variance of the errors:

σ2
i = ρ2i,Mσ2

i + σ2
ε (31)

As you can see, the variance of the stock appears on both sides of the equation. We can then move both
terms to the left side and factor them, arriving at the following form:

(
1− ρ2i,M

)
σ2
i = σ2

ε (32)

We can then define a linear relationship between the stock’s variance and the variance of the errors.
Regardless of the sign of the correlation between the market and the stock, if the correlation coefficient is
less than one in absolute value, the idiosyncratic variance will always be less than the stock’s total variance.

σ2
i =

1

1− ρ2i,M
· σ2

ε (33)

Naturally, if the market and the stock are uncorrelated, the stock’s variance will be entirely explained
by idiosyncratic (exogenous) factors. On the other hand, if they are perfectly correlated, there will be no
relationship between the stock’s variance and the variance of the errors. Then, from Equation 33, we can
determine the percentage of the stock’s variance that can be attributed to the idiosyncratic term:

σ2
ε

σ2
i

=
(
1− ρ2i,M

)
(34)

And from Equation 34, we can conclude that the percentage of the stock’s variance attributed to the
market factor (or the CAPM factor) is explicitly determined by the correlation coefficient:

β2
i σ

2
M

σ2
i

= ρ2i,M (35)
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2 Betting Agains Beta Portfolios

Even though the Capital Asset Pricing Model is a very powerful tool used by analysts in financial studies,
several authors (as we will see later) have detected certain inefficiencies in its methodology. The existence of
Jensen’s Alpha proves that the model cannot fully explain the phenomena of returns in financial markets.
Along the same lines, Andrea Frazzini and Lasse H. Pedersen developed a strategy aimed at generating
returns by exploiting these inefficiencies.

2.1 Empirical Findings

In Frazzini and Pedersen, 2014, the authors provided empirical evidence regarding the Security Market Line
in the U.S. financial market. They showed that the SML is flatter than the theoretical line predicted by the
CAPM. In particular, they found that high-beta assets often fail to deliver the expected returns (negative
alpha), while low-beta assets tend to outperform the market. This leads portfolio managers to overweight
high-beta stocks, thereby increasing volatility and reducing risk-adjusted returns. Consequently, Frazzini
and Pedersen proposed a strategy that exploits the arbitrage opportunities arising from the heterogeneity of
returns explained by asset betas.

2.2 Strategy Building

Frazzini and Pedersen propose the creation of a Beta-Neutral Portfolio (or Zero-Beta Portfolio), in which the
investor takes a long position in low-beta assets—those with higher expected returns—and a short position
in high-beta stocks. To construct this, the authors first split the universe of stocks into two sub-portfolios.
They ranked the stocks by their ex-ante betas and then categorized the assets according to the median of
the distribution.

zi = rank(βi) (36)

The low-beta portfolio is composed of those stocks whose zi values fall below the median of all ranks;
conversely, the high-beta portfolio is built from the stocks whose ranks lie above the median. The weights
are then calculated as follows:

ωH
i = (zHi − z̄) (37)

ωL
i = (z̄ − zLi ) (38)

Both portfolios will have a positive sum of weights (typically equal to one because we normalize them).
Next, we calculate the betas of both portfolios, which are simply the weighted averages of the ex-ante betas
of the stocks, using the weights defined above. In this type of methodology, betas are often shrunk using a
shrinkage factor; that is, betas are transformed in the following way:

β̃ = λβi + (1− λ) (39)

So, the betas of both portfolios will have the next form:

βH =

N1∑
i=1

ωH β̃H
i (40)

βL =

N1∑
i=1

ωLβ̃L
i (41)

In Frazzini and Pedersen, 2014, it is desirable for both portfolios to have the same beta so that, when
taking the difference between them, the beta of the Betting Against Beta (BAB) premium is zero. Commonly,
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both portfolios are rescaled so that each has a beta of one. Hence, the BAB premium can be expressed as
follows:

BAB =
1

βL

(
µL − rf

)
− 1

βH

(
µH − rf

)
(42)

This portfolio (the BAB portfolio) will be beta-neutral, but it may not be money-neutral (i.e., the weights
may not sum to zero). This is because constructing the portfolio involves certain levels of leverage, so in
some cases the portfolio will have a positive sum of weights (reflecting a larger position in low-beta stocks)
or a negative sum (reflecting a larger position in high-beta stocks). This is one of the many approaches
described by various authors to capture arbitrage opportunities by exploiting areas where the CAPM falls
short. In later lessons, we will explore how other authors create investment opportunities using variables
such as company size, value, and momentum.
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